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Abstract. Computing the minimal network (or minimal CSP) repre-
sentation of a given set of constraints over the Point Algebra (PA) is
a fundamental reasoning problem. In this paper we propose a new ap-
proach to solving this task which exploits the timegraph representation
of a CSP over PA. A timegraph is a graph partitioned into a set of
chains on which the search is supported by a metagraph data structure.
We introduce a new algorithm that, by making a particular closure of
the metagraph, extends the timegraph with information that supports
the derivation of the strongest implied constraint between any pair of
point variables in constant time. The extended timegraph can be used as
a representation of the minimal CSP. We also compare our method and
known techniques for computing minimal CSPs over PA. For CSPs that
are sparse or exhibit chain structure, our approach has a better worst-
case time complexity. Moreover, an experimental analysis indicates that
the performance improvements of our approach are practically very sig-
nificant. This is the case especially for CSPs with a chain structure, but
also for randomly generated (both sparse and dense) CSPs.

1 Introduction

Constraint-based qualitative temporal reasoning is a widely studied area with
application to various fields of AI (for a recent survey see [2]). The Point Alge-
bra [9,10] is one of the first and most prominent frameworks for representing
qualitative temporal constraints and reasoning about them. PA consists of three
basic relations between time point variables that are jointly exhaustive and pair-
wise disjoint (<, >, =), all possible unions of them (<, >, #, and T, where T
is the universal relation), and of the empty relation. The convex Point Algebra
contains all the relations of PA except #.

Given a set C' of temporal constraints over PA (or a temporal CSP), a fun-
damental reasoning problem is computing the minimal CSP representation of
C.! A temporal CSP is minimal if, for every pair of variables 4, j, the relation R
between i and j is the strongest relation (or minimal constraint) between ¢ and j
that is entailed by the CSP. In other words, every basic relation r € R is feasible,
i.e., there exists a solution of the temporal CSP where the values assigned to 4
and j satisfy 7.

! This problem is also called deductive closure problem in [9], minimal labeling problem
in [5,7] and computing the feasible relations in [6].



Computing the minimal CSP of a temporal CSP involving n variables can be
accomplished in O(n?) time by using a path-consistency algorithm, if the CSP
is over the convex PA [9,10], and in O(n® + n? - c), if the CSP is over the full
PA [6,4], where ¢ is the number of input #-constraints.

An alternative approach to qualitative temporal reasoning in the context
of PA is the “graph-based approach” [1,3]. Instead of computing the minimal
CSP, we build a particular graph-based representation of the input CSP that
supports efficient computation of the minimal constraints at query time. This
method has been proposed with the aim of addressing scalability especially for
large data sets forming sparse CSPs (in which the number of constraints is less
than quadratic) and exhibiting particular structure (e.g., a collection of time
chains [3] or series-parallel graphs [1]).

The minimal CSP representation supports the derivation of the strongest
entailed relation between any pair of variables in constant time. On the contrary,
in the graph-based representation this has a computational cost that depends on
the structure and sparseness of the input temporal CSP; in the best case it can
be constant time, while in the worst case it can be quadratic time with respect to
the number of the CSP point variables. On the other hand, in practice computing
the minimal CSP representation using known techniques is significantly slower
than computing the graph-based representation of a sparse CSP [1, 3].

In this paper, we investigate a combined approach. We propose a new method
for computing the minimal CSP representation by exploiting the timegraph rep-
resentation [3]. A timegraph is a graph partitioned into a set of time chains on
which the search is supported by a metagraph data structure. We introduce a
new algorithm that, by making a particular closure of the metagraph, extends
the timegraph with information that supports the derivation of the strongest
entailed relation between any pair of point variables in constant time. The ex-
tended timegraph can be seen as a representation of the minimal CSP. By using
our approach the (explicit) minimal CSP can be computed in O(7 - € +n?) time
(convex PA) and O(é-n + éx - (6 + ) + n?) time (full PA), where 7, é and é
are the metanodes, metaedges and #-metaedges, respectively, in the timegraph.

We compare our method and the known techniques for computing minimal
CSPs over PA. For CSPs that are sparse or exhibit chain structure, our approach
has a better worst-case time complexity. Moreover, an experimental analysis
indicates that in practice our approach is significantly faster. This is the case
not only for CSPs with a chain structure, but also for general randomly generated
(both sparse and dense) CSPs.

The paper is organized as follows. Section 2 gives the necessary background.
Section 3 presents our new method for computing the minimal CSP. Section 4
concerns the experimental analysis. Finally, Section 5 gives the conclusions.

2 Background: TL-graphs, Timegraphs and Metagraphs

A temporally labeled graph ( TL-graph) [3] is a graph with at least one vertex
and a set of labeled edges, where each edge (v,l,w) connects a pair of distinct
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Fig. 1. Examples of TL-graph and ranked TL-graph. Edges with no label are assumed
to be labeled “<”.
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Fig. 2. a) van Beek’s forbidden graph; b) and ¢) the two kinds of implicit < relation in a
TL-graph. Edges with no labels are assumed to be labeled “<”. Dotted arrows indicate
paths, solid lines #-edges. In each graph there is an implicit < between v and w.

vertices v, w representing point variables. Each edge represents a PA-constraint
and is either directed and labeled < or <, or undirected and labeled #. Figure
1.a) shows an example of TL-graph. A path in a TL-graph is called a <-path if
each edge on the path has label < or <. A <-path is called a <-path if at least
one of the edges has label <.

A TL-graph G contains an implicit < relation between two vertices vy, vo
when the strongest relation entailed by the temporal CSP from which G has
been built is v1 < vy and there is no <-path from v; to vy in G. Figures 2.b) and
2.c) show the two possible TL-graphs which give rise to an implicit < relation.
All TL-graphs with an implicit < relation contain one of these subgraphs [4, 6].

An acyclic TL-graph without implicit < relations is an ezplicit TL-graph. In
order to make explicit a TL-graph containing implicit < relations, we can add
new edges with label < [3]. For example, in Figure 2 we add the edge (v, <,w)
to the graph. An important property of an explicit TL-graph is that it entails
v < w if and only if there is a <-path from v to w; it entails v < w if and only
if there is a <-path from v to w, and it entails v # w if and only if there is a
<-path from v to w or from w to v, or there is an edge (v, #, w).

Given a CSP C over PA with ¢ constraints, we can construct a TL-graph G
representing C' in O(c) time; In order to check consistency of C' and transform G
into an equivalent acyclic TL-graph, we can use van Beek’s method for PA [6].
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Fig. 3. The timegraph of the T'L-graph of Figure 1, with transitive edges and auxiliary
edges omitted. Dotted links between nodes on the same chain are nextgreater links.
Edges with no label are assumed to be labeled “<”.

If the TL-graph (C) is consistent, each SCC is collapsed into an arbitrary vertex
v within that component, and all the cross-component edges entering or leaving
the component are appropriately transferred to v.

A ranked TL-graph [3] is a simple but powerful extension of an acyclic TL-
graph. In a ranked TL-graph (see Figure 1.b) , each vertex (time point) has a
rank associated with it. The rank of a vertex v can be defined as the length of
the longest <-paths to v from a source vertex s of the TL-graph representing
the “universal start time”, times a rank distance increment k [3]. The special
vertex s has no predecessor and its successors are all the vertices of the graph
that have no other predecessor. As observed in [1, 3], the use of the ranks can
significantly speed up the search for a path from a vertex p to another vertex ¢:
the search can be pruned whenever a vertex with a rank greater than or equal
to the rank of ¢ is reached.

A timegraph [3] is an acyclic ranked TL-graph partitioned into a set of
time chains, such that each vertex is on one and only one time chain. A time
chain is a <-path, plus possibly “transitive edges” connecting pairs of vertices
on the <-path. Distinct chains of a timegraph can be connected by cross-chain
edges. Vertices connected by cross-chain edges are called metanodes. Cross-chain
edges and certain auxiliary edges connecting metanodes on the same chain are
called metaedges. The auxiliary edges connect each metanode to the first (last)
successor (predecessor) metanode on the same chain with an outgoing cross-edge,
and to the first (last) successor (predecessor) metanode on the same chain with
an incoming cross-edge. These auxiliary edges are called the NextOut (PrevOut)
and NeztIn (Previn) edges of a metanode. The metanodes and metaedges of a
timegraph 7 form the metagraph of 7.2

Figure 3 shows the timegraph built from the TL-graph of Figure 1. All ver-
tices except d, e and s are metanodes. The edges connecting vertices a to i, ¢ to c,

2 The purpose of the metagraph is not to be an autonomous structure independent of
the rest of the graph, but a support structure to facilitate the graph search conducted
during the construction of the timegraph data structures or at query time. Our
implementation of the timegraph algorithms does handle the potential “pathological
case” identified in [1]. This is done by considering as the successors of a metanode v
on a chain ¢ all successors of v on ¢ with at least one outgoing cross-chain metaedge.



b to g, h with f, are metaedges. Dotted edges are special links called nextgreaters
that are computed during the construction of the timegraph and that indicate
for each vertex v the nearest descendant v’ of v on the same chain as v such that
the represented CSP entails v < v'.

In a timegraph the main purpose of the ranks is to support the computation
of the strongest entailed relation between two vertices on the same chain in
constant time: given two vertices v; and vs on the same chain such that the
rank of vy is greater than the rank of vy, if the rank of the nextgreater of v is
less than or equal to the rank of vo, then the timegraph entails v; < vy, otherwise
it entails v; < vy. For example, the timegraph of Figure 3 entails a < d because
a and d are on the same chain, and the rank of the nextgreater of a is less than
the rank of d.

Given a CSP C over PA, in order to build a timegraph representation of C', we
start from a TL-graph G representing C'. The construction of the timegraph from
G consists of four main steps: checking the consistency of G (and C), ranking
of the graph vertices, formation of the time chains and the metagraph, and
making explicit the implicit < relations. The total time complexity of building
the timegraph for a CSP C consisting of ¢ PA-constraints involving n point
variables is [3]:

— O(n+c+é-n),if C is over the convex PA,
—O(n+c+é-n+éx-(é+n)),if Cis over the full PA,

where 7 is the number of metanodes in the timegraph, é is the number of
metaedges and €, is the number of metaedges labeled #. It is worth noting
that typically n is smaller than n, é is smaller than ¢, and é is smaller than
then the number of input #-constraints.

Concerning querying the strongest entailed relations between two point vari-
ables p; and po represented in a timegraph, there are four cases in which this
can be accomplished in constant time: (1) p; and po are alternative names of the
same vertex (the strongest entailed relation is “="); (2) the vertices v and v
corresponding to p; and ps are on the same time chain; (3) v; and vy are not on
the same chain and have the same rank, and there is no # edge between them
(the strongest entailed relation is “T”); (4) v1 and v are connected by a #-edge
(the strongest entailed relation is #). In the remaining cases an explicit search
on the metagraph needs to be performed. If there exists at least one <-path from
v1 to vy, then the answer is v1 < vq. If there are only <-paths (but no <-paths)
from vy to ve, then the answer is v1 < vg [3]. (Analogously for the paths from
v9 to v1.) Such a graph search can be accomplished in O(é + 7) time.

3 Chain Closure for Timegraphs

In this section we extend the timegraph representation with additional informa-
tion that can be exploited to compute the strongest entailed relation (or minimal
constraint) between any pair of variables in constant time. This information con-
sists of two additional links for each metanode v with an outgoing cross-chain
edge and each chain ¢:



— ChainLess(v, c), which is the first node w on ¢ such that v < w is entailed
by the timegraph (there is a <-path from v to w);

— ChainLeq(v, ¢), which is the first node ¢ on ¢ such that v < ¢ is entailed by
the timegraph (there is a <-path from v to t).

When one of these links is undefined, the corresponding link has value “null”.
We call the set of ChainLess and ChainLeqlinks the chain closure (or metagraph
closure) of the timegraph.

3.1 Chain Closure Algorithm

The algorithm in Figure 4, CHAINCLOSURE, consists of three nested loops. The
most external loop considers each chain ¢; the second nested loop considers each
node v with outgoing cross-chain edge on ¢ as a start node for a search; the
third nested loop performs a complete search on the metagraph for computing
the ChainLess and ChainLeq links for v and each time chain.

The first search starting from a metanode on a chain ¢ starts from the last
metanode v = LastOut(v) on ¢ with an outgoing cross-edge (step 3). Once the
algorithm has found all paths from v to the metanodes on each chain ¢’ # ¢, the
ChainLess and ChainLeq links of v for all these chains have been computed, and
the algorithm “moves back” to the previous metanode on ¢, v = PrevOut(v),
with an outgoing cross-chain edge (step 23) to initiate another search (step 5).

The search from v is conducted by maintaining a frontier of nodes to be
visited (Open). Each time the search visits a metanode s ChainLess(v, Chain(s))
and ChainLeq(v, Chain(s)) are updated, where Chain(s) denotes the chain of s
(steps 7-14). Since the order in which the chains are processed by the external
loop corresponds to their increasing number, if Chain(s) < Chain(v), then, for
all metanodes on Chain(s), the ChainLess and ChainLeq links of s have already
been computed, and so they can be used to update the ChainLess and ChainLeq
of v (steps 7-8). For example, if Rank(ChainLess(s, ¢')) < Rank( ChainLess(v,c')),
where ¢ # ¢, then ChainLess(v,c’) is set to ChainLess(s,c’), and similarly for
ChainLeq(v, c’).? A similar updating is done when Chain(s) = Chain(v) and s has
an outgoing cross-chain edge; this propagates to v the ChainLess and ChainLeq
information previously computed for s. Steps 9-14 consider all the other cases in
which the ChainLess and ChainLeq links of v for Chain(s) need to be updated.
The flag Rel(s) € {<, <,null} keeps track of the strongest path (relation) from
v to s found by the search (null means “no path found” so far).

After visiting s, the frontier Open is extended with the child nodes of s
(steps 15-20), provided that they satisfy certain conditions illustrated below.
The purpose of these conditions is pruning the successor nodes for which we
can anticipate that the current ChainLess and ChainLeq of v cannot be refined
by continuing the search from them. The search from v terminates when s =
Pop(Open) is null (step 6), i.e., when Open becomes empty.

In order to make the search more efficient, not all child nodes of the current
node s are added to Open. This pruning is performed by exploiting the chain

3 We omit the details of this updating process, which is straightforward.



Algorithm: CHAINCLOSURE

Input: a timegraph T';
Output: T extended with chain closure (ChainLeq and ChainLess links);

Open := empty list;
for each chain ¢ (processed according to their increasing number) do
v := LastOut(c); Visited := empty list;
while v # null
s := v; add s to Visited;
while s # null
if Chain(s) < Chain(v) and s # v and s has outgoing metaedges then
Update ChainLeq(v,c’), ChainLess(v,c’) with ChainLeq(s,c’) and
ClainLess(s, ¢'), respectively, for each chain ¢’ # ¢;
if Chain(v) # Chain(s) and Rel(s) = < then
10. if Rank(ChainLess(v, Chain(s))) > Rank(s) then
ChainLess(v, Chain(s)) := s;
11. if ChainLeq(v, Chain(s)) # null and Rank(ChainLeq(v, Chain(s))) > Rank(s)
then ChainLeq(v, Chain(s)) := null;
12. if Chain(v) # Chain(s) and Rel(s) = < then

e I

©

13. if Rank(ChainLess(v, Chain(s))) > Rank(s) and
Rank(ChainLeg(v, Chain(s))) > Rank(s) then ChainLeq(v, Chain(s)) = s;
14. if NG(s) # null and Rank( ChainLess(v, Chain(s)) > Rank(NG(s)) then
ChainLess(v, Chain(s)) := NG(s);
15. if Chain(s) > Chain(v) or s = v or s has no outgoing cross-chain edges then
16. S := set of metanodes to which s is connected by outgoing cross-chain edges
17. if s = v or RelChain(s) = null or (RelChain(s) = < and Rel(s) = <) then

S :=8SU{s" | ¢ is successor of s on Chain(s) through the NextOut links}
18. for each w € S do

19. if Rel(s) = < or (s, <,w) € E or (Chain(s) = Chain(w) and s < w)
then update := < else update := <;
20. if Rel(w) = null or (Rel(w) = < and update = <) then

Rel(w) := update; add w to Open (maintaining the list ordered by rank);
21. if s = v then RelChain(s) := < else RelChain(s) := Rel(s);
22. s := Pop(Open); add s to Visited;
23. v := PrevOut(v); RelChain(v) = null;
24. For each node n in Visited, set Rel(n) to null;

Fig. 4. Algorithm for computing the chain closure of a timegraph. We assume that
Rank(null) = +oo. E is the set of metaedges. NG(s) abbreviates Nextgreater(s). The
RelChain and Rel flags, which we assume are initially set to null, are described in the
text. Condition s < w at step 19 can be checked in constant time by querying the
timegraph because s and w belong to the same chain.

numbering, the Rel flag, and an additional information called RelChain. As men-
tioned above, when the search visits a node s with an outgoing metaedge on a
chain already processed, i.e., Chain(s) < Chain(v), there is no need to add the
child nodes of s to Open. Similarly, when for a child node w we have Rel(w) =
<, or Rel(w) = < and Rel(s) = <, there is no need to add w to Open.



The meaning of the RelChain flag and its use for pruning the search at step 17
of the algorithm are slightly less intuitive. RelChain(s) € {<, <,null} indicates
whether the chain of s has already been reached by the current search from v
and, if RelChain(s) # null, it gives the strongest relation between v and any
visited metanode on Chain(s) that has been computed. When at step 17 the
algorithm considers the s’ nodes that are successors of s on the same chain as
s, such nodes are added to Open only if RelChain(s) is null, or RelChain(s) is
< and Rel(s) is <. In the other cases the s’ nodes have already been considered
by the search from v, and the current path from v to s’ is not stronger than the
one already found.

Finally, the elements in Open are maintained ordered by increasing rank, and
the next visited node (step 22) is always one with the lowest rank in Open. This
determines that, when a node s is visited, s cannot precedes any other node on
the same chain as s that has already been visited by the current search; this
property guarantees the correctness of the pruning described above.

The following theorem states the time complexity of CHAINCLOSURE.

Theorem 1. Let T be a timegraph with n metanodes, € metaedges and n.
chains. The time complezity of Algorithm CHAINCLOSURE applied to T is O(n,-
é+n?).

Proof. The time complexity is determined by (1) the total number of metanodes
and metaedges visited by all the searches from the metanodes with an outgoing
cross-chain edge; (2) the total cost of maintaining Open ordered by the rank of
its members.

Concerning (1), for each chain ¢, we have that the total number of metanodes
entering into Open for all the searches from a metanode on ¢ is O(7). This is
because, for each search from a metanode v on ¢, by exploiting the Rel flag (steps
19-20), a node s that has already been visited by the current or any previous
search (from another metanode on c¢ successor of v) enters into Open only if it
is revisited with a stronger relation (step 20). It follows that, for each chain,
the total number of visited metanodes is O(72) and the total number of visited
cross-chain edges is O(é). Hence the total number of nodes and cross-chain edges
visited by the algorithm is O(n. -7+ n. - €) = O(n. - é).

The other metaedges visited by the search are the NextOut links connect-
ing two metanodes on the same chain. The total number of these edges in a
timegraph is O(7). By exploiting the Rel and RelChain flags (step 17), for each
search, the algorithm visits each NeztOut link at most twice. Hence, since the
total number of searches performed by the algorithm is O(#), the total number
of visited NextOut links is O(A?).

Concerning (2), consider the collection of the O(#) nodes entering into Open
for all searches from a start vertex on the same chain. By representing Open
as a vector of metanodes indexed by their rank divided by the rank increment,
and the fact that the nodes in Open are processed by increasing rank order, we
can derive an efficient method for maintaining Open ordered in O(7) total time.
Hence, the total cost for maintaining Open ordered is O(n. - ). It follows that
the total time complexity of the algorithm is O(n.. - é + 7?). |
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Fig. 5. lllustration of cases (1)—(4) in the constant time query algorithm outlined in
the proof of Theorem 2. NG and NO abbreviate Nextgreater and NextOut, respectively.
Edges on the same chain without a label are assumed to be <-edges.

3.2 Constant Time Queries and Minimal Constraints

In order to obtain a constant time query algorithm for every pair of variables, we
exploit the ChainLess and ChainLeq information. Moreover, we assume that ev-
ery node of the timegraph has a (possibly null) NextOut link associated with it.*

4 This can easily be computed by post-processing the timegraph in linear time with
respect to the number of nodes and edges in the timegraph. The NeztOut links for



Theorem 2. Let v and w be two point variables represented in a timegraph T
extended with the chain closure. The strongest entailed relation between v and w
can be computed in constant time.

Proof (sketch). If v and w are on the same time chain, T entails v = w or T'
entails v # w, then the strongest relation between v and w can be computed in
constant time as described in [3].

If v and w are on different chains, the strongest relation can be computed by
exploiting the chain closure as follows. Without loss of generality, suppose that
v is on chain 1 and w is on chain 2. There are three cases to consider: (a) none
of v and w are metanodes, (b) one of v and w is a metanode, (c¢) both v and w
are metanodes. In the rest of the proof we only consider case (a). Cases (b) and
(c) can be handled in a similar, slightly simpler, way.

If NextOut(v) = null, then clearly the query answer is “T”. Assume that
NextOut(v) # null, and let no = NextOut(v) and ng = Nextgreater(v), if Nextgrea-
ter(v) has a cross-chain outgoing edge, ng = NextOut( Nextgreater(v)) otherwise.
There are the following four cases to consider, which are illustrated in Figure 5:

(1) if Rank(w) > Rank(ChainLeq(ng,2)), then the strongest entailed relation
between v and w is “<”;

(2) if case (1) does not apply and Rank(w) > Rank(ChainLess(no,2)), then the
strongest entailed relation is “<”;

(3) if cases (1-2) do not apply and Rank(w) > Rank( ChainLeg(no,2)), then the
strongest entailed relation is “<”;

(4) if cases (1-3) do not apply, the strongest entailed relation is “T”. o

Since, for any pair of variables in the timegraph T with chain closure rep-
resenting a CSP C, the strongest entailed relation can be obtained in constant
time, T' can be considered as a representation of the minimal CSP of C'. However,
if we want an explicit representation of the minimal CSP, we need an additional
step to read all minimal constraints from 7', which can be done in quadratic time
w.r.t. the number of variables in C.

The next theorems state the complexity of our method for computing the
explicit minimal CSP for the convex PA and the full PA.?

Theorem 3. Let C' be a CSP over the convex Point Algebra involving n vari-
ables, the explicit minimal CSP of C can be computed in O(f - é + n?) time,
where 1 and é are the metanodes and metaedges, respectively, in the timegraph
representing C'.

a node that is not a metanode are used only to support constant time queries as
described in the proof of Theorem 2; they are not part of the metagraph. In the
original version of the timegraph only the metanodes can have a NextOut link.

5 If we use the extended timegraph as the representation of the output minimal con-
straints, then the O(n2) term in the complexity bounds can be omitted, and we need
to add the number of input constraints as an additional term; such a number is no
greater than O(n?) and for sparse CSPs is less than quadratic.



Proof. The total time complexity for constructing the timegraph for C is O(n+
|C| + 7 - é) [3], where |C] is the number of constraints in C. By Theorem 2,
computing the strongest relation entailed by a timegraph with chain closure for
a pair of variables can be accomplished in constant time, and so all minimal
constrains of C' can be obtained in O(n?) time. By Theorem 1, the chain closure
of the timegraph for C' can be computed in O(n. - é + 7?). It follows that the
total time complexity of computing the minimal CSP of C'is O(A - é +n?). O

Theorem 4. Let C' be a CSP over the full Point Algebra involving n point
variables, the explicit minimal CSP of C can be computed in O(é- 1+ éx - (é +
n)+n?) time, where i, € and é are the metanodes, metaedges and #-metaedges,
respectively, in the timegraph representing C'.

Proof (sketch). The proof is similar to the proof of Theorem 3, except that the
time complexity of computing the timegraph for C' is O(n+|C|+é-n+é-(é+n)).

O
Remark. We observe that the number of metanodes and metaedges in a time-
graph can be significantly smaller than the number of variables n and con-
straints ¢ in the input CSP. For this reason, in practice the time complexity
of our approach can be lower than the complexity of the known techniques for
computing the minimal CSP of a CSP over the convex PA (O(n?)) and the
full PA (O(n® + ¢ - n?)), where ¢, is the number of input #-constraints [10,
6]. Moreover, for a sparse input CSP, our method has a better worst-case time
complexity. In particular, when c is linear with respect to n, the complexity of
our method is O(n?), while the techniques in [10, 6] require O(n?) time. This can
be shown by considering a CSP with n variables forming a single time chain.
The path-consistency algorithm in [10] revises the relation between O(n?) pairs
of variables, and for each of these pairs it considers O(n) triples of variables.

4 Experimental Analysis

We implemented (in C) all timegraph algorithms described in [3] and our new
chain closure algorithm. We call the resulting temporal reasoner TGC. In or-
der to evaluate the effectiveness of our approach in practice, we compared the
performance of TGC with an implementation of

— the path-consistency algorithm given in [10] with the improvements proposed
in [8], which we call pc,

— PC extended with van Beek’s algorithm for removing the forbidden graphs
in a path-consistent CSP over PA [6], which we call Pc-rG.°

5 We carefully checked the code of PC and PC-FG to make the implementation efficient
and bug-free. The correctness of the three implemented systems was checked by
comparing the corresponding minimal constraints obtained for the same CSP, using
many randomly generated CSPs.



PC solves the problem of computing the minimal CSP for the convex PA [9],
while PC-FG solves this problem for the full PA [4,6].

The output of PC and PC-FG is a matrix M such that each entry M]i, j]
contains a representation of the strongest entailed relation (minimal constraint)
between the i-th and the j-th variables in the input CSP. The output of TGC is
the collection of data structures representing a timegraph with chain closure. In
both cases, the minimal constraint for a pair of variables can be read from the
corresponding data structures in constant time. In our experimental comparison,
for TGC we also consider the additional total CPU-time for making all possible
queries, which for PC and PC-FG was not considered.

4.1 Experimental Settings and Test Domains

The experiments were aimed at evaluating the hypothesis that our approach
works well in practice for chain-structured CSPs (common, e.g., in automated
planning and story comprehension) as well as for randomly generated (sparse and
dense) CSPs. The data sets were obtained by running three different generators,
two of which are based on the available code of known generators [1, 3]. Since
we were mostly interested in testing the use of our closure algorithm, every
generated CSP is consistent and does not contain or entail equality constraints.

In each plot with the experimental results, for the CPU-time of TGC we con-
sider two series of experimental results: one includes the total time for performing
all queries, the other does not. In both cases the CPU-time for TGC includes the
construction of the timegraph and the chain closure. All tests were conducted
on an Intel Xeon(tm) 3 GHz, 1 Gbytes of RAM. The CPU-time corresponding
to each point on a curve is an average value over 100 CSPs.

We used six test domains. The CSPs in Domains A, B, C and E, were syn-
thesized using DelGrande et al.’s generator [1], while Domain D using Gerevini
& Schubert’s generator [3]. For Domain F we used a new generator.

Domain A: randomly generated CSPs over the convex PA with equal numbers
of <, <-constraints and no #-relation. For each considered number n of variables,
100 CSPs with n - | (logy(n))] constraints each are generated.

Domain B: this domain is the same as Domain A, except that the differences
among the CSP instances concern the number ¢ of constraints, rather than the
number of variables, which is set to 1000. The generated CSPs range from sparse
CSPs (¢ = 3000) to dense CSPs (¢ = 449, 850).

Domain C: randomly generated CSPs over the convex PA with a chain based
structure. For each considered number n of variables, the procedure generates
100 CSPs as described in [1].

Domain D: randomly generated CSPs over the convex PA consisting of data
sets that tend to fall into chains. For each considered number n of variables,
the procedure generates 100 CSPs as described in [3], each of which contains
n - |(logy(n))| constraints.



Milliseconds Domain A Milliseconds Domain B
T T T T T 7 Te+ - T T T T 5
1e+06 | L o o B o D oo o o o] o] o] o
e ° &
1e+05 | o Z E El ;
E 10000 | o, ! ]
o <
o = % \
10000 o o L ;6:
o] o
x 1000 F G | E
1000 | - 8
o « x %R IR @ L X ¥ XX xx
x ot : X
x X+ x X
100  © X i+ E x5 +
x5t 100 B ! i
1po X7 ] o
X TGC - timegraph + chain closure ~ + B TGC - timegraph + chain closure  +
TGC - timegraph + chain closure + all queries X TGC - timegraph + chain closure + all queries %
PC o i : PC o
1 L L L L I 0 L L L L
0 500 1000 1500 2000 2500 3000 0 100000 200000 300000 400000 500000
Number of point variables Number of input constraints

Fig. 6. Average CPU-times of TGC and PC in Domains A and B. For Domain A, on the
z-axis we have the number of point variables, while for Domain B we have the number
of edges (input constraints) in the timegraph. In both cases on the y-axis we have the
CPU-milliseconds (logarithmic scale).

Domain E: this domain is the same as Domain A, except that the CSPs also
contain #-constraints. For each considered number n of variables, the procedure
generates 100 CSPs. Each generated CSP contains n - |(logy(n))| constraints,
10% of which are #-constraints.

Domain F: randomly generated CSPs over the full PA consisting of CSPs with
a chain structure and many #-diamonds (forbidden graphs). For each consid-
ered number n of variables, the procedure generates 100 CSPs as follows. We
partition the variables in three subsets, each of which containing |n/3| variables
constrained to form a chain of <-constraints. The variables in each subset are
constrained in a way that determine at least |n/3] — 1 #-diamonds. In each
generated CSP, the percentage of #-constraints is about 50.

4.2 Experimental Results

First we present the results for the convex PA and then those for the full PA.
Figure 6 shows the performance of TGC and PC for Domains A and B. The
results for Domain A (plot on the left side of the figure) indicate that for large
CSPs TGC is up to about three orders of magnitude faster than pC. The results
for Domain B (plot on the right side of the figure) indicate that the very good
performance of TGC relative to PC does not depend on the sparseness of the input
CSP: regardless the sparseness of the CSP, TGC is always much faster than pc.

Figure 7 shows the performance of the compared approaches in Domains
C and D (sparse CSPs which exhibit chain structure). In these domains the
performance gap is even more dramatic than for randomly generated CSPs,
obtaining an improvement of up to four orders of magnitude, without considering
the CPU-time for performing all queries, and three orders, considering all queries.

Figure 8 concerns CSPs over the full PA, i.e., Domains E and F. TGC is
up to two orders of magnitude faster than PC-FG. Here the improvements are
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Fig. 7. Average CPU-times of TGC and PC in Domains C and D. On the z-axis we have
the number of point variables, on the y-axis the CPU-milliseconds (logarithmic scale).
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Fig. 8. Average CPU-times of TGC and PC-FG in Domains D and E. On the z-axis
we have the number of point variables, on the y-axis we have the CPU-milliseconds
(logarithmic scale).

less dramatic (but still very significant), because of the cost of dealing with
Z#£-constraints, which can be the most expensive processing step both in the
construction of the timegraph with chain closure and in PC-FG.

Finally, we also tested a simple alternative method for computing the minimal
CSP using the timegraph representation. Instead of computing the chain closure,
we use the original data structures and query algorithms to compute, for every
pair of variables, the corresponding strongest entailed relation. We compared
the CPU-times of this simple approach and the one computing the chain closure
using our test domains. The results of this experiment indicate that computing
the chain closure is advantageous. Our method is up to 300 times faster than
making all queries in the timegraph without chain closure. An exception to this
behavior are particular CSPs that have a very strong chain structure (e.g., when
the timegraph has only one chain), where an extremely high percentage of pair



of nodes lie on the same chain. In these special cases the two timegraph-based
approaches perform similarly.

5 Conclusions

We have presented a new efficient method for computing the minimal CSP of
a CSP over the Point Algebra. For sparse CSPs the worst-case complexity of
our method improves the complexity of known methods based on enforcing path
consistency. In practice, an experimental analysis using various types of data sets
shows that our approach is much faster than computing the minimal CSP using
known techniques, both for CSPs with a chain structure and for general randomly
generated (sparse and dense) CSPs. A price to pay for the efficiency gain is
the more complex algorithms and implementation (however, the implementation
used in our experiments will be made publicly available).

While the techniques presented in this paper build on the timegraph rep-
resentation, we believe that our method can be applied to other graph-based
representation, such as the metagraph of the SPMG system [1], which uses series-
parallel graphs instead of chains. Future work includes investigating an algorithm
for the metagraph closure in the context of sSPMG and additional experiments.
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